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•  CMB: a) Early Integrated Sachs Wolfe effect. The transition from the 
relativistic to the non relativistic neutrino regime affect the decay of the 
gravitational potentials at decoupling period (especially near the first acoustic 
peak).  

    b) Suppression of lensing potential (with Planck). An increase of the neutrino 
mass suppresses clustering on scales smaller than the size of the horizon at the 
time of the non-relativistic transition, suppressing the lensing potential. 

 Sub-eV massive neutrinos cosmological signatures  

Lesgourgues, Pastor, Phys.Rept.’06  

fν=(Ων /Ωm(

In the standard cosmology hot, thermal relics are identified with the three light, 
active neutrino flavours of the  Standard Model  of elementary particles.  
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•  LSS: Suppression of structure formation on scales smaller than the free 
streaming scale when neutrinos  turn non relativistic, affecting also the Baryon 
acoustic oscillation (BAO) scale which are the imprint on the matter distribution 
of the pressure-gravity competition in the baryon-photon fluid. 

 Sub-eV massive neutrinos cosmological 
signatures 

Smal)Scale)
suppression)

ΔP/P=T8fν=T8Ων  /Ωm(
•  Large(scales((k<kfs)(
Neutrinos(cluster(and(behave((as(cold(
dark(maGer:(δν=δρ/δρc =δcdm~(a.'
(
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•  Small(scales((k>kfs)(
Perturba:ons(can(not(grow(due(to(the(
large(neutrino(velocity(dispersion(((((((((((((((
MaGer(power(spectrum(is(suppressed.(
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     2013 Planck state on neutrino 
mass 95% CL bounds   

(Ade et al ‘13 Planck Collaboration ) 
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa

ma =
f⇡m⇡

fa

p
R

1 +R
= 0.6 eV

107 GeV

fa
, (1)

where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
axions will also contribute to the e↵ective number of rel-
ativistic degrees of freedom N

e↵

, defined as

⇢rad =
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where ⇢� is the present energy density of the CMB. The
canonical value N

e↵

= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N

e↵

= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:

{!b,!c,⇥s, ⌧, ns, log[10
10As],

X
m⌫} , (3)

!b ⌘ ⌦bh
2 and !c ⌘ ⌦ch

2 being the physical baryon and
cold dark matter energy densities, ⇥s the ratio between
the sound horizon and the angular diameter distance at
decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
dial spectrum and

P
m⌫ the sum of the masses of the

three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N

e↵

(together with the baseline three massive neutrino to-
tal mass

P
m⌫). The extra additional sterile states, if

massive, may help in resolving the so-called neutrino os-
cillation anomalies. Consequently, we also constrain here
simultaneously the N

e↵

massive sterile neutrino scenario
and the sum of the three active neutrino masses

P
m⌫ .

R = 0.553± 0.043           fπ = 93 MeV
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!  From(TD'we(can(compute(the(current(axion(number(density,(related(to(the(

present(photon(density:((

3

Parameter Prior
⌦bh

2 [0.005, 0.1]
⌦cdmh2 [0.001, 0.99]

✓s [0.5, 10]
⌧ [0.01, 0.8]
ma [0.1, 3]P
m⌫ [0.06, 3]

Ps,1, . . . , Ps,12 [0.01, 10]
ns [0.9, 1.1]

log[1010As] [2.7, 4]

TABLE I: Priors for the parameters used, in di↵erent combi-
nations, in the CosmoMC analyses.

neutrino oscillation experiments, corresponding to hav-
ing a massless neutrino as lightest mass eigenstate. Fur-
thermore, we shall also consider a scenario in which the
total neutrino mass

P
m⌫ is a free parameter.

We will also compare the results obtained with the
PCHIP PPS and the results obtained with the usual
power-law PPS model: in this case, we will use the fol-
lowing set of parameters:

{!b,!c,⇥s, ⌧,ma, ns, log[10
10As], } , (6)

where ns is the scalar spectral index, As the amplitude
of the primordial spectrum and the other parameters are
the same as described above. The flat priors we use are
listed in Table I.

Concerning the contribution of the axion mass-energy
density to expansion rate, we briefly summarise our treat-
ment in the following (see e.g. Ref. [8] for more details).
Axions decoupled in the early universe at a temperature
TD given by the usual freeze out condition for a thermal
relic:

�(TD) = H(TD) , (7)

where the thermally averaged interaction rate � refers
to the ⇡ + ⇡ ! ⇡ + a process. The freeze out equation
above can be numerically solved, obtaining the axion de-
coupling temperature TD as a function of the axion mass
ma. From the axion decoupling temperature, it is possi-
ble to infer the present axion number density, related to
the current photon density n� as

na =
g?S(T0)

g?S(TD)
⇥ n�

2
, (8)

where g?S represents the number of entropic degrees of
freedom, with g?S(T0) = 3.91. As previously stated, the
presence of a thermal axion will also imply an extra ra-
diation component at the BBN period:

�Ne↵ =
4

7

✓
3

2

na

n⌫

◆4/3

, (9)

where na is given by Eq. (8) and n⌫ refers to the present
neutrino plus antineutrino number density per flavour.

C. Cosmological measurements

Our baseline dataset consists of CMB measurements.
These include the temperature data from the Planck
satellite, see Refs. [15, 22], together with the WMAP 9-
year polarization measurements, following [23]. We also
consider high multipole data from the South Pole Tele-
scope (SPT) [24] as well as from the Atacama Cosmology
Telescope (ACT) [25]. We shall use high resolution CMB
observations at small scales with the purpose of improv-
ing the constraints on the unresolved foregrounds. The
combination of all the above CMB data is referred to as
the CMB data set.
Galaxy clusters provide an independent way to probe

the cosmological parameters, as they are the largest viri-
alized tracers of our universe. The cluster mass function
gives the number of clusters of a certain mass M within
a redshift interval z + �z, and it is the usual observable
determined by cluster surveys. The cluster number count
function is then exploited to extract the relevant cosmo-
logical parameters. Cluster surveys usually report their
measurements by means of the so-called cluster normal-
ization condition, �8⌦�

m, where � ⇠ 0.4 [26–28]. We shall
use here the cluster normalization condition as measured
by the Planck Sunyaev-Zeldovich (PSZ) catalogue [29],
referring to it as the PSZ data set. The PSZ measure-
ments of the cluster mass function provide the constraint
�8(⌦m/0.27)0.3 = 0.764± 0.025. As there exists a strong
degeneracy between the value of the �8 parameter and
the cluster mass bias, it is possible to fix the value of the
bias paramater accordingly to the results arising from
numerical simulations. In this last case, the error on the
cluster normalization condition from the PSZ catalog is
considerably reduced: �8(⌦m/0.27)0.3 = 0.782 ± 0.01.
We shall consider the latter constraint in our numerical
analyses.
Tomographic weak lensing surveys are sensitive to the

overall amplitude of the matter power spectrum by mea-
suring the correlations in the observed shape of distant
galaxies induced by the intervening large scale struc-
ture. The matter power spectrum amplitude depends
on both the �8 clustering parameter and the matter
density ⌦m. Consequently, tomographic lensing sur-
veys, via measurements of the galaxy power shear spec-
tra, provide additional independent constraints in the
(�8, ⌦m) plane. The Canada-France-Hawaii Telescope
Lensing Survey, CFHTLenS, with six tomographic red-
shift bins (from z = 0.28 to z = 1.12), provides a
constraint on the relationship between �8 and ⌦m of
�8(⌦m/0.27)0.46 = 0.774 ± 0.040 [30]. We shall refer to
this data set as CFHT.
We also address here the impact of a gaussian prior on

the Hubble constant H0 = 70.6± 3.3 km/s/Mpc from an
independent reanalysis of Cepheid data [31], referring to
this prior as HST dataset.
We have also included measurements of the large scale

structure of the universe in their geometrical form, i.e., in
the form of Baryon Acoustic Oscillations (BAO). There-
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Parameter Prior
⌦bh

2 [0.005, 0.1]
⌦cdmh2 [0.001, 0.99]

✓s [0.5, 10]
⌧ [0.01, 0.8]
ma [0.1, 3]P
m⌫ [0.06, 3]

Ps,1, . . . , Ps,12 [0.01, 10]
ns [0.9, 1.1]

log[1010As] [2.7, 4]

TABLE I: Priors for the parameters used, in di↵erent combi-
nations, in the CosmoMC analyses.
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total neutrino mass

P
m⌫ is a free parameter.
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{!b,!c,⇥s, ⌧,ma, ns, log[10
10As], } , (6)

where ns is the scalar spectral index, As the amplitude
of the primordial spectrum and the other parameters are
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listed in Table I.
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�(TD) = H(TD) , (7)
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na =
g?S(T0)

g?S(TD)
⇥ n�

2
, (8)

where g?S represents the number of entropic degrees of
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�Ne↵ =
4

7

✓
3

2

na

n⌫

◆4/3

, (9)

where na is given by Eq. (8) and n⌫ refers to the present
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C. Cosmological measurements
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the CMB data set.
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m, where � ⇠ 0.4 [26–28]. We shall
use here the cluster normalization condition as measured
by the Planck Sunyaev-Zeldovich (PSZ) catalogue [29],
referring to it as the PSZ data set. The PSZ measure-
ments of the cluster mass function provide the constraint
�8(⌦m/0.27)0.3 = 0.764± 0.025. As there exists a strong
degeneracy between the value of the �8 parameter and
the cluster mass bias, it is possible to fix the value of the
bias paramater accordingly to the results arising from
numerical simulations. In this last case, the error on the
cluster normalization condition from the PSZ catalog is
considerably reduced: �8(⌦m/0.27)0.3 = 0.782 ± 0.01.
We shall consider the latter constraint in our numerical
analyses.
Tomographic weak lensing surveys are sensitive to the

overall amplitude of the matter power spectrum by mea-
suring the correlations in the observed shape of distant
galaxies induced by the intervening large scale struc-
ture. The matter power spectrum amplitude depends
on both the �8 clustering parameter and the matter
density ⌦m. Consequently, tomographic lensing sur-
veys, via measurements of the galaxy power shear spec-
tra, provide additional independent constraints in the
(�8, ⌦m) plane. The Canada-France-Hawaii Telescope
Lensing Survey, CFHTLenS, with six tomographic red-
shift bins (from z = 0.28 to z = 1.12), provides a
constraint on the relationship between �8 and ⌦m of
�8(⌦m/0.27)0.46 = 0.774 ± 0.040 [30]. We shall refer to
this data set as CFHT.
We also address here the impact of a gaussian prior on

the Hubble constant H0 = 70.6± 3.3 km/s/Mpc from an
independent reanalysis of Cepheid data [31], referring to
this prior as HST dataset.
We have also included measurements of the large scale

structure of the universe in their geometrical form, i.e., in
the form of Baryon Acoustic Oscillations (BAO). There-
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa

ma =
f⇡m⇡

fa

p
R

1 +R
= 0.6 eV

107 GeV

fa
, (1)

where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
axions will also contribute to the e↵ective number of rel-
ativistic degrees of freedom N

e↵

, defined as

⇢rad =

"
1 +
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N
e↵

#
⇢� , (2)

where ⇢� is the present energy density of the CMB. The
canonical value N

e↵

= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N

e↵

= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:

{!b,!c,⇥s, ⌧, ns, log[10
10As],

X
m⌫} , (3)

!b ⌘ ⌦bh
2 and !c ⌘ ⌦ch

2 being the physical baryon and
cold dark matter energy densities, ⇥s the ratio between
the sound horizon and the angular diameter distance at
decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
dial spectrum and

P
m⌫ the sum of the masses of the

three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N

e↵

(together with the baseline three massive neutrino to-
tal mass

P
m⌫). The extra additional sterile states, if

massive, may help in resolving the so-called neutrino os-
cillation anomalies. Consequently, we also constrain here
simultaneously the N

e↵

massive sterile neutrino scenario
and the sum of the three active neutrino masses

P
m⌫ .

R = 0.553± 0.043           fπ = 93 MeV

Candidates for extra hot relic components 
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa

ma =
f⇡m⇡

fa

p
R

1 +R
= 0.6 eV

107 GeV

fa
, (1)

where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
axions will also contribute to the e↵ective number of rel-
ativistic degrees of freedom N
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, defined as
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where ⇢� is the present energy density of the CMB. The
canonical value N

e↵

= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N

e↵

= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:

{!b,!c,⇥s, ⌧, ns, log[10
10As],

X
m⌫} , (3)

!b ⌘ ⌦bh
2 and !c ⌘ ⌦ch

2 being the physical baryon and
cold dark matter energy densities, ⇥s the ratio between
the sound horizon and the angular diameter distance at
decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
dial spectrum and

P
m⌫ the sum of the masses of the

three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N

e↵

(together with the baseline three massive neutrino to-
tal mass

P
m⌫). The extra additional sterile states, if

massive, may help in resolving the so-called neutrino os-
cillation anomalies. Consequently, we also constrain here
simultaneously the N

e↵

massive sterile neutrino scenario
and the sum of the three active neutrino masses

P
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa

ma =
f⇡m⇡

fa

p
R

1 +R
= 0.6 eV

107 GeV

fa
, (1)

where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
axions will also contribute to the e↵ective number of rel-
ativistic degrees of freedom N
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, defined as
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where ⇢� is the present energy density of the CMB. The
canonical value N

e↵

= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N

e↵

= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:
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2 being the physical baryon and
cold dark matter energy densities, ⇥s the ratio between
the sound horizon and the angular diameter distance at
decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
dial spectrum and
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m⌫ the sum of the masses of the

three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N
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(together with the baseline three massive neutrino to-
tal mass
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m⌫). The extra additional sterile states, if

massive, may help in resolving the so-called neutrino os-
cillation anomalies. Consequently, we also constrain here
simultaneously the N
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massive sterile neutrino scenario
and the sum of the three active neutrino masses
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Data1 
!  CMB: 

o  Planck temperature anisotropies, including lensing 
potential  

o  WMAP 9-year polarization 
o  ACT and SPT measurements at small scales 
o  B-mode polarization measurements from BICEP2  

!  Large scale structure: 
o  SDSS Data Release 7 
o  6-degree Field Galaxy Survey  
o  BOSS Data Release 11 
o  WiggleZ survey (the full shape of the matter power 

spectrum and the geometrical BAO information ) 

Baryon Acoustic 
Oscillation (BAO) 
data  



Data2 

!  σ8 measurements: 
o  CFHTLens survey 
o  Planck Sunyaev-Zeldovich cluster catalog 

!  Big Bang Nucleosynthesis light elements abundance: 

 

!  Hubble constant measurements: 
o  Hubble Space Telescope 

(D /H )P = (2.87 ± 0.22)×10−5  [Iocco et al. PRD '09]
(D /H )P = (2.53± 0.04)×10−5  [Cooke et al. arXiv:1308.3240]
YP = 0.254 ± 0.003 [Izotov et al. arXiv: 1308.2100]
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa
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where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
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where ⇢� is the present energy density of the CMB. The
canonical value N
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= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N
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= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:
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the sound horizon and the angular diameter distance at
decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
dial spectrum and
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three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N
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(together with the baseline three massive neutrino to-
tal mass
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa
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where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
axions will also contribute to the e↵ective number of rel-
ativistic degrees of freedom N
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, defined as
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where ⇢� is the present energy density of the CMB. The
canonical value N
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= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N

e↵

= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:
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2 being the physical baryon and
cold dark matter energy densities, ⇥s the ratio between
the sound horizon and the angular diameter distance at
decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
dial spectrum and
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m⌫ the sum of the masses of the

three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N
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(together with the baseline three massive neutrino to-
tal mass
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m⌫). The extra additional sterile states, if
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CMB+DR11 CMB+DR11 CMB+DR11 CMB+DR11 CMB+ DR11 CMB+DR11 CMB+DR11 CMB+ DR11
+HST +WZ +WZ+HST +WZ+BAO+HST +BAO +BAO+HST +BAO+SNLS

⌃m⌫ [eV] < 0.25 < 0.22 < 0.25 < 0.23 < 0.24 < 0.26 < 0.22 < 0.23

SZ Clusters &
CFHTLens

⌃m⌫ [eV] 0.30+0.12
�0.14 0.25+0.12

�0.13 0.27+0.14
�0.13 0.25+0.10

�0.11 0.26+0.18
�0.13 0.29+0.13

�0.12 0.24+0.10
�0.12 0.27+0.12

�0.13

SZ Clusters

⌃m⌫ [eV] 0.30+0.12
�0.14 0.25+0.13

�0.13 0.27+0.12
�0.13 0.24+0.10

�0.10 0.25+0.17
�0.13 0.29+0.13

�0.12 0.23+0.10
�0.12 0.27+0.11

�0.13

CFHTLens

⌃m⌫ [eV] < 0.33 < 0.28 < 0.30 < 0.27 < 0.28 < 0.33 < 0.27 < 0.30

TABLE II: 95% CL constraints on the sum of the neutrino masses, ⌃m⌫ , from the di↵erent combinations of data sets explored
here.

the clustering correlation function. The addition of the
constraints on �

8

and ⌦m from the CFHTLens survey
displaces the bounds on the neutrino mass to higher val-
ues, the reason for that being the lower �

8

preferred by
CFHTLens weak lensing measurements. Due the poor
constraining power of the weak lensing data the neutrino
mass bounds are not significantly altered. On the other
hand, when adding the constraint on �

8

and ⌦m from
the Planck-SZ cluster catalog on galaxy number counts,
a non zero value for the sum of the three active neu-
trino masses of ⇠ 0.3 eV is favoured at 4�. In particular,
the combination of CMB data with BAO measurements
from BOSS DR11, WiggleZ power spectrum (full shape)
data and a prior on H

0

from HST after considering the
inclusion of Planck SZ clusters information leads to the
value

P
m⌫ = 0.24+0.10

�0.10 eV at 95% CL. The combination
of weak lensing data and galaxy number counts data is
mostly driven by the latter and therefore the constraints
do not change significantly with respect to the case in
which the analyses are performed with galaxy cluster
counts information only. A similar e↵ect, although in
a slightly di↵erent scenario and di↵erent data sets, was
found by Refs. [48, 49].

Figure 1 illustrates our findings for three possible data
combinations: CMB data, combined with BOSS DR11
BAO measurements, additional BAO measurements and
a prior on the Hubble constant from HST (depicted by
the blue contours); and the same data combination but
considering also the �

8

�⌦m weak lensing (galaxy num-
ber counts) constraint (depicted by the red (green) con-
tours). The left panel depicts the very well known degen-
eracy in the (

P
m⌫ (eV), H

0

) plane, showing the 68%
and 95% CL allowed contours by the di↵erent data sets
specified above. Considering CMB data only, a higher
value of

P
m⌫ can be compensated by a decrease on the

Hubble constant H
0

since the shift induced in the dis-
tance to the last scattering surface caused by a largerP

m⌫ can be compensated by a lower H
0

. Notice that
when Planck SZ cluster information on the �

8

� ⌦m re-
lationship is added, the allowed neutrino mass regions
are displaced and a non zero value for the sum of the
three active neutrino masses is favoured at ⇠ 4�. The
right panel of Fig. 1 shows the 68% and 95% CL allowed
regions in the (

P
m⌫ (eV), �

8

) plane. The allowed con-
tours of both �

8

and
P

m⌫ are considerably displaced
after considering Planck clusters data. The power spec-
trum normalization �

8

has smaller values when neutrinos
are massive (due to the neutrino free streaming nature),
being precisely these smaller values of �

8

those preferred
by galaxy cluster number counts.

B. Massive neutrinos and thermal axions

In this section we present the constraints on a sce-
nario including both massive neutrinos and a thermal
axion. Table III presents the constraints on the sum of
the three active neutrino masses and on the axion mass
(both in eV) for the di↵erent cosmological data combina-
tions considered here. Notice that BBN bounds are also
quoted here since a thermal axion will also contribute to
the extra radiation component at the BBN period, by an
amount given by:
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, (5)

being na the current axion number density and n⌫ =
112 cm�3, the current number density of each active neu-
trino plus antineutrino flavour. We have applied the BBN
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particles, arise naturally in the context of models which
contain a dark radiation sector that decouples from the
Standard Model. A canonical example are asymmetric
dark matter models, in which the extra radiation degrees
of freedom are produced by the annihilations of the ther-
mal dark matter component [37], see also Refs. [38, 39]
for extended weakly-interacting massive particle models.
On the other hand, extra sterile massive, light neutrino
species, whose existence is not forbidden by any funda-
mental symmetry in nature, may help in resolving the
so-called neutrino oscillation anomalies [40, 41], see also
Refs. [42–46] for recent results on the preferred sterile
neutrino masses and abundances considering both cos-
mological and neutrino oscillation constraints. Another
candidate is the thermal axion [47], which constitutes the
most elegant solution to the strong CP problem, i.e. why
CP is a respected symmetry of Quantum Chromodynam-
ics (QCD) despite the existence of a natural, four dimen-
sional, Lorentz and gauge invariant operator which badly
violates CP. Axions are the Pseudo- Nambu-Goldstone
bosons associated to a new global U(1)PQ symmetry,
which is spontaneously broken at an energy scale fa. The
axion mass is inversely proportional to the axion coupling
constant fa
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where R = 0.553± 0.043 is the up-to-down quark masses
ratio and f⇡ = 93 MeV is the pion decay constant. Ax-
ions may be copiously produced in the early universe via
thermal or non-thermal processes, providing therefore,
a possible hot relic candidate in the thermal case, to
be considered together with the standard relic neutrino
background.

Both extra, sterile neutrino species and axions have an
associated free streaming scale, reducing the growth of
matter fluctuations at small scales. Indeed, it has been
noticed by several authors [48, 49] that the inclusion of
Planck galaxy cluster number counts data [50] in the cos-
mological data analyses, favours a non zero value for the
sterile neutrino mass: the free streaming sterile neutrino
nature will reduce the matter power at small (i.e. cluster)
scales but will leave una↵ected the scales probed by the
CMB. A similar tendency for

P
m⌫ > 0 appears, albeit

to a smaller extent [48], when considering CFHTLens
weak lensing constraints on the clustering matter ampli-
tude [51].

Extra dark radiation or light species as neutrinos and
axions will also contribute to the e↵ective number of rel-
ativistic degrees of freedom N
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, defined as
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where ⇢� is the present energy density of the CMB. The
canonical value N
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= 3.046 corresponds to the three ac-
tive neutrino contribution. If there are extra light species

at the Big Bang Nucleosynthesis (BBN) epoch, the ex-
pansion rate of the universe will be higher, leading to a
higher freeze out temperature for the weak interactions
which translates into a higher primordial helium fraction.
The most recent measurements of deuterium [52] and he-
lium [53] light element abundances provide the constraint
N
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= 3.50± 0.20 [52].
It is the aim of this paper to analyse the constraints on

the three active neutrino masses, extending the analyses
to possible scenarios with additional hot thermal relics,
as sterile neutrino species or axions, using the available
cosmological data in the beginning of this year 2014.
The data combination used here includes also the recent
and most precise distance BAO constraints to date from
the BOSS Data Release 11 (DR11) results [54], see also
Refs. [55–57].
The structure of the paper is as follows. Section II

describes the di↵erent cosmological scenarios with hot
thermal relics explored here and the data used in our nu-
merical analyses. In Sec. III we present the current limits
using the available cosmological data in the three active
neutrino massive scenario, and in this same scheme but
enlarging the hot relic component firstly with thermal
axions, secondly with additional dark radiation (which
could be represented, for instance, by massless sterile
neutrino species) and finally, with massive sterile neu-
trino species. We draw our conclusions in Sec. IV.

II. COSMOLOGICAL DATA ANALYSES

The baseline scenario we analyse here is light active
massive neutrino scheme with three degenerate massive
neutrinos, described by the parameters:
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cold dark matter energy densities, ⇥s the ratio between
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decoupling, ⌧ is the reionization optical depth, ns the
scalar spectral index, As the amplitude of the primor-
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three active neutrinos in eV. We then consider simulta-
neously the presence of two hot relics, both massive neu-
trinos and axions, enlarging the former scenario with one
thermal axion of mass ma, see Appendix VI for details
concerning the calculation of the axion energy density
as a function of the cosmic time. The other possibility
is the existence of extra dark radiation species, that we
have firstly addressed by introducing a number of mass-
less sterile neutrino-like species, parameterized via N

e↵

(together with the baseline three massive neutrino to-
tal mass
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here.
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CFHTLens weak lensing measurements. Due the poor
constraining power of the weak lensing data the neutrino
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and 95% CL allowed contours by the di↵erent data sets
specified above. Considering CMB data only, a higher
value of

P
m⌫ can be compensated by a decrease on the

Hubble constant H
0

since the shift induced in the dis-
tance to the last scattering surface caused by a largerP

m⌫ can be compensated by a lower H
0

. Notice that
when Planck SZ cluster information on the �

8

� ⌦m re-
lationship is added, the allowed neutrino mass regions
are displaced and a non zero value for the sum of the
three active neutrino masses is favoured at ⇠ 4�. The
right panel of Fig. 1 shows the 68% and 95% CL allowed
regions in the (

P
m⌫ (eV), �

8

) plane. The allowed con-
tours of both �

8

and
P

m⌫ are considerably displaced
after considering Planck clusters data. The power spec-
trum normalization �

8

has smaller values when neutrinos
are massive (due to the neutrino free streaming nature),
being precisely these smaller values of �

8

those preferred
by galaxy cluster number counts.

B. Massive neutrinos and thermal axions

In this section we present the constraints on a sce-
nario including both massive neutrinos and a thermal
axion. Table III presents the constraints on the sum of
the three active neutrino masses and on the axion mass
(both in eV) for the di↵erent cosmological data combina-
tions considered here. Notice that BBN bounds are also
quoted here since a thermal axion will also contribute to
the extra radiation component at the BBN period, by an
amount given by:

�N
e↵

=
4

7

✓
3

2

na

n⌫

◆
4/3

, (5)

being na the current axion number density and n⌫ =
112 cm�3, the current number density of each active neu-
trino plus antineutrino flavour. We have applied the BBN

1

{ωb,ωc,Θs, τ, ns, log[10
10As],

!
mν ,ma} (1)

Extra Radiation 
Component at the 
BBN period nν = 112 cm−3

1

{ωb,ωc,Θs, τ, ns, log[10
10As],

!
mν ,ma} (1)

{ωb,ωc,Θs, τ, ns, log[10
10As],

!
mν , Neff} (2)

2.(((ΛCDM(model(with 3 massive neutrino species and thermal axion:   

3.(((ΛCDM(model(with 3 massive neutrino and ΔNeff  massless dark 
radiation species: 
(



4.(((ΛCDM(model with 3 active massive neutrinos plus ΔNeff massive 
steriles neutrino species: 

Cosmological parameters 
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rameter and there exists a large degeneracy among N
e↵

and
P

m⌫ . The combination of CMB data with BAO
measurements from BOSS DR11, WiggleZ power spec-
trum (full shape) data and a prior on H

0

from HST af-
ter considering the inclusion of Planck SZ clusters infor-
mation leads to the values

P
m⌫ = 0.35+0.17

�0.16 eV and

N
e↵

= 3.56+0.59
�0.58 at 95% CL.

The bounds quoted above have been obtained using the
BBN theoretical prediction for helium in the CMB data
analysis. However, it is also possible to fix the helium
fraction Yp in the Monte Carlo Markov Chain analyses
of CMB data and assume that Yp is an independent pa-
rameter constrained by BBN observations only. We have
also performed such an exercise, fixing Yp = 0.24, and
we find, in general, larger values for both the mean value
of N

e↵

and its errors, and, consequently, a slightly larger
bound on the neutrino mass, due to the

P
m⌫ �N

e↵

de-
generacy. In particular, we find

P
m⌫ < 0.32 eV and

N
e↵

= 3.60+0.67
�0.65 at 95% CL from the combination of

CMB data and BOSS DR11 BAO measurements, andP
m⌫ < 0.34 eV and N

e↵

= 3.84+0.60
�0.56 at 95% CL if a

prior from HST on the Hubble constant H
0

is added to
the former data combination. These findings agree with
the results of Ref. [15], where it is also found that the
BBN consistency relation leads to a constraint on N

e↵

closer to the canonical value of 3.046 than in the case
of fixing Yp = 0.24. Once BBN measurements are con-
sidered in the data analyses, the di↵erences between the
analyses with and without the BBN consistency relation
included become irrelevant.

Figure 3, left panel, shows the degeneracy between theP
m⌫ and the total number of dark radiation species N

e↵

(which accounts for the contribution of the three active
neutrino species plus �N

e↵

massless sterile neutrino-like
species). The red contours depict the 68% and 95% CL
allowed regions resulting from the combination of CMB,
BOSS DR11 BAO measurements, and previous BAO
measurements. As the value of N

e↵

increases, a larger
neutrino mass is allowed, to leave unchanged both the
matter radiation equality era and the angular location of
the acoustic peaks, as well as the high of the first acous-
tic peak via the early ISW e↵ect. The blue region de-
notes the results considering the HST H

0

prior as well in
the analysis: notice that the allowed regions are shifted
towards higher values of N

e↵

. Figure 3, right panel, il-
lustrates the degeneracy between N

e↵

and the Hubble
constant H

0

. The color coding is identical to the one
used in the figure shown in the left panel, in which the
red contours are related to the 68% and 95% CL allowed
regions from the combination of CMB data, BOSS DR11
BAO measurements and additional BAO measurements
and the blue regions refer to the constraints after adding
a prior on the Hubble constant from the HST experiment.

D. Massive neutrinos and extra massive sterile
neutrino species

The latest possibility for thermal relics explored in
this study is the case in which there exists three active
light massive neutrinos plus one massive sterile neutrino
species characterised by an e↵ective mass me↵

s , which
reads

me↵

s = (Ts/T⌫)
3ms = (�N

e↵

)3/4ms , (6)

being Ts (T⌫) the current temperature of the sterile (ac-
tive) neutrino species, �N

e↵

⌘ N
e↵

� 3.046 = (Ts/T⌫)3

the e↵ective number of degrees of freedom associated to
the sterile, and ms its real mass.

Table V depicts the 95% CL constraints on the ac-
tive and sterile neutrino masses as well as on the total
number of massive neutrinos N

e↵

. Notice that the mean
value of N

e↵

is, in general, slightly larger than in the case
in which the sterile neutrinos are considered as massless
particles due to the fact that me↵

s and N
e↵

are posi-
tively correlated. Indeed, there exists a physical lower
prior for N

e↵

of 3.046 which is not needed in the case
of three active neutrinos plus extra massless species. We
quote exclusively the 95% CL upper limit for the cases
in which the 95% CL lower limit is set by the physical
prior of 3.046. Concerning the bounds on the sum of the
three active neutrinos, they are more stringent than in
the massless sterile neutrino-like scenario because

P
m⌫

and me↵

s are also positively correlated. As in the mass-
less sterile neutrino-like analyses, larger values of N

e↵

will be favoured by data when HST measurements are
included. The addition of BBN bounds reduce the er-
rors on N

e↵

significantly, alleviating the degeneracies be-
tween N

e↵

and the active/sterile neutrino masses. Ta-
ble V contains the BBN constraints obtained using the
fitting functions for the theoretical deuterium and helium
primordial abundances from Ref. [68], which, as in the
massless extra dark radiation case, are found to provide
the most conservative bounds. We find

P
m⌫ < 0.27 eV,

me↵

s < 0.14 eV and N
e↵

= 3.28+0.22
�0.21 at 95% CL from

the analysis of CMB data, BOSS DR11 BAO, additional
BAO measurements, WiggleZ full-shape large scale struc-
ture information, the HST H

0

prior and BBN light ele-
ments abundances information with the most recent mea-
surements of the primordial deuterium abundances from
Ref. [52], indicating no significant preference for N

e↵

> 3.
However, when considering primordial deuterium mea-
surements from Ref. [68], there exists a preference for
N

e↵

> 3 at the 3� level (mildly stronger when HST
data is also considered in the analyses). This preference
is similar to that found in the extra massless case, al-
though notice that in this case there exists a lower prior
on N

e↵

= 3.046 and therefore the mean value of N
e↵

will always be larger than its standard prediction. If
we instead use the theoretical functions for the helium
and deuterium abundances from Refs. [52, 72], we get
similar conclusions to those found in the massless dark
radiation case: a 3� 4� preference for N

e↵

> 3 is always

Ts(,(Tν(current temperature of the 
sterile and active neutrino species.  
ms(real mass of sterile neutrino 
species.  

UNIFORM PRIORS for the cosmological parameters:  
3

The e↵ective number of massive sterile neutrino species is
represented by �N

e↵

= N
e↵

�3.046, and its mass is me↵

s ,
which is related to the physical sterile neutrino mass via
the relation:

me↵

s = (Ts/T⌫)
3ms = (�N

e↵

)3/4ms , (4)

being Ts (T⌫) the current temperature of the sterile (ac-
tive) neutrino, and assuming that the sterile states are
hot thermal relics with a phase space distribution similar
to the active neutrino one.

Table I specifies the priors considered on the di↵erent
cosmological parameters. For our numerical analyses, we
have used the Boltzmann CAMB code [58] and extracted
cosmological parameters from current data using a Monte
Carlo Markov Chain (MCMC) analysis based on the pub-
licly available MCMC package cosmomc [59].

In particular, we run chains using the Metropolis-
Hastings (MH) algorithm to obtain posterior distribu-
tions for the model parameters, given a certain dataset
combination. The only exception is for the measurements
of the power spectrum amplitude (described in the fol-
lowing section), that are included in our analysis by post-
processing the MH chains that were previously generated
without accounting for these data. The post-processing
is done using the technique of importance sampling; this
technique is very reliable when the posterior distribu-
tions obtained after including new data are centered on
the same values as the old distributions, and becomes
on the contrary less reliable the more the new posteriors
are shifted with respect to the old ones. The reason for
this is that in this case one needs to sample from the
low-probability tail of the old distribution, that is poorly
explored by the MH algorithm (unless the chains run for
a very long time). We stress this fact since, as we shall see
in the following, the inclusion of the data on the power
spectrum amplitude shifts the posterior for some of the
model parameters.

All the cases under consideration (additional mass-
less species, massive sterile neutrinos, and axions) can
be studied with none or minimal to modifications to the
CAMB code. In particular, the massive sterile and ax-
ion cases can be reproduced in the Boltzmann code by
means of a suitable reparameterization and by treating,
code-wise, the additional species as massive neutrinos.
This relies on the fact that, for an equilibrium distribu-
tion function, the evolution equations only depend on the
mass over temperature ratio mi/Ti and on the total den-
sity ⌦i (i = a, s). The equivalence is perfect for thermal
sterile neutrinos, because they have a Fermi-Dirac dis-
tribution function like ordinary neutrinos; instead, this
is not the case for thermal axions since they are de-
scribed by a Bose-Einstein distribution function. We
take into account here the bosonic nature of axions at
the background level, but not in the perturbation equa-
tions. However we argue that the error that we commit
in keeping the Fermi-Dirac distribution function in the
perturbation equations for axions is negligible given the
uncertainties on the model parameters.

Parameter Prior
⌦bh

2 0.005 ! 0.1
⌦ch

2 0.01 ! 0.99
⇥s 0.5 ! 10
⌧ 0.01 ! 0.8
ns 0.9 ! 1.1

ln (1010As) 2.7 ! 4P
m⌫ [eV] 0.06 ! 3

ma [eV] 0.1 ! 3
Ne↵ 0(3.046) ! 10

me↵
s [eV] 0 ! 3

TABLE I: Uniform priors for the cosmological parameters
considered here. In the case of the extra relativistic degrees
of freedom Ne↵, the numbers refer to the massless (massive)
case.

A. Cosmological data

1. CMB data

We consider the data on CMB temperature
anisotropies measured by the Planck satellite (in-
cluding information on the lensing potential) [60–62]
combined with 9-year polarization data from WMAP
[18] and with additional temperature data from high-
resolution CMB experiments, namely the Atacama
Cosmology Telescope (ACT) [63] and the South Pole
Telescope (SPT) [64].
The likelihood functions associated to these datasets

are estimated and combined using the likelihood code dis-
tributed by the Planck collaboration, described in Refs.
[61] and [62], and publicly available at Planck Legacy
Archive1. The Planck TT likelihood is constructed fol-
lowing a hybrid approach: the high-` (` � 50) part is
based on a pseudo-C` technique and uses power spec-
tra estimated from the detectors of the 100, 143 and
217 GHz frequency channels, while the low-` (`  49)
part uses a Gibbs sampling-based approach and com-
bines data from all frequencies from 30 to 353 GHz. We
use Planck TT data up to a maximum multipole num-
ber of `

max

= 2500. These are supplemented by the low-`
WMAP 9-year polarization likelihood, that includes mul-
tipoles up to ` = 23 [18]. For what concerns the small-
scale observations, we follow the approach of the Planck
collaboration, as implemented in their likelihood code,
and include the ACT spectra presented in Ref. [63] and
the SPT spectra presented in Ref. [64]. In particular, the
likelihood uses the ACT 148 ⇥ 148 spectra in the range
1000 < ` < 9440, the ACT 148⇥218 and 218⇥218 spec-
tra in the range 1500 < ` < 9440, and the SPT 95, 150
and 220 GHz spectra in the range 2000 < ` < 10000, as
described in Sec. 4.1 of Ref. [3]. The primary purpose of

1
http://pla.esac.esa.int/pla/aio/planckProducts.html

Neff  priors 
refer to the 
massless 
(massive) case(

ΔNeff=NeffT3.46=(Ts(/Tν()4(



Main Results(1) 
68% and 95% CL allowed regions in the (∑mν,'H0)(and in the (∑mν,(σ8()(plane(
1.  ΛCDM model with 3 massive neutrino species:(

CMB+DR11+BAO+HST: mν < 0.22 eV at 95% CL∑ Giusarma et al Phys. Rev. D ‘14 



Main Results(1) 
68% and 95% CL allowed regions in the (∑mν,'H0)(and in the (∑mν,(σ8()(plane(

The allowed 
neutrino mass 
regions are 
displaced after 
considering 
Planck cluster 
data and a non 
zero value on 
∑mν(is favoured.(

1.  ΛCDM model with 3 massive neutrino species:(

CMB+DR11+BAO+HST: 
CMB+DR11+BAO+HST+SZ Cluster: 
CMB+DR11+BAO+HST+CFHTLens: mν < 0.27 eV at 95% CL∑

mν < 0.22 eV at 95% CL∑

The addition of the constraints on σ8 and Ωm from the CFHTLens survey 
displaces the bounds on the neutrino mass to higher values.  

mν = 0.23−0.12
+0.10  eV at 95% CL∑

Giusarma et al Phys. Rev. D ‘14 



Main Results(2)  
68% and 95% CL allowed regions in the (∑mν,(ma)(plane for different combinations of 
data 

Only with 
Planck SZ 
cluster data a 
non zero value 
of axion mass 
is favoured(at 
the 2.2σ 

2.(((ΛCDM model with 3 massive neutrino species and thermal axion:   

CMB+DR11+BAO+HST+SZ Cluster: ma = 0.62−0.48
+0.46  eV at 95% CL
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Main Results(2)  
68% and 95% CL allowed regions in the (∑mν,(ma)(plane for different combinations of 
data 

Only with 
Planck SZ 
cluster data a 
non zero value 
of axion mass 
is favoured(at 
the 2.2σ 

No evidence 
for non-zero 
neutrino 
masses nor 
for non-zero 
axion mass. 

2.(((ΛCDM model with 3 massive neutrino species and thermal axion:   

CMB+DR11+WZ+HST+SZ Cluster: 

CMB+DR11+BAO+HST+SZ Cluster: 

mν = 0.20−0.14
+0.13  eV at 95% CL∑

Evidence for neutrino mass of 0.2 eV at 3σ  on only for one case(

ma = 0.62−0.48
+0.46  eV at 95% CL

Giusarma et al Phys. Rev. D ‘14 



Main Results(3)  

68% and 95% CL allowed regions in the (∑mν,(Neff)(and in the (Neff,(H0()(plane(

3.(((ΛCDM model with 3 massive neutrino and ΔNeff=NeffT3.46 massless 
dark radiation species: 

mν < 0.31 eV at 95% CL∑      

Neff = 3.43−0.59
+0.58  at 95% CL

mν < 0.31 eV at 95% CL∑      

Neff = 3.66−0.47
+0.48  at 95% CL

The prior on 
the value  of 
the Hubble 
constant from 
HST increases 
the mean value 
on Neff 
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68% and 95% CL allowed regions in the (∑mν,(Neff)(and in the (Neff,(H0()(plane(

3.(((ΛCDM model with 3 massive neutrino and ΔNeff=NeffT3.46 massless 
dark radiation species: 

CMB+DR11+WZ+HST+BBN (Cooke et al.):   (NO EVIDENCE FOR Neff(>3((

CMB+DR11+WZ+HST+BBN (Iocco et al.): EVIDENCE FOR Neff(>3((

mν < 0.31 eV at 95% CL∑      Neff = 3.52−0.26
+0.27  at 95% CL

mν < 0.24∑  eV at 95% CL  Neff = 3.25−0.24
+0.25  at 95% CL

mν < 0.31 eV at 95% CL∑      

Neff = 3.43−0.59
+0.58  at 95% CL

mν < 0.31 eV at 95% CL∑      

Neff = 3.66−0.47
+0.48  at 95% CL

The prior on 
the value  of 
the Hubble 
constant from 
HST increases 
the mean value 
on Neff 

Giusarma et al Phys. Rev. D ‘14 



Main Results(4)  
4.(((ΛCDM(model with 3 active massive neutrinos plus ΔNeff((massive steriles 
neutrino species: 

68% and 95% CL allowed regions in the (∑mν,(Neff)(and in the (∑mν,(ms
eff)(plane(

mν < 0.28 eV at 95% CL∑      

ms
eff < 0.60 eV at 95% CL

Neff < 3.89 at 95% CL
mν < 0.31 eV at 95% CL∑      

ms
eff < 0.25 eV at 95% CL

Neff = 3.64−0.48
+0.48  at 95% CL

The bound on 
Neff(((∑mν()(is 
slightly larger 
(more 
stringent) than 
in massless 
sterile neutrino 
scenario due to 
the degeneracy 
with  ms

eff
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4.(((ΛCDM(model with 3 active massive neutrinos plus ΔNeff((massive steriles 
neutrino species: 

68% and 95% CL allowed regions in the (∑mν,(Neff)(and in the (∑mν,(ms
eff)(plane(

NO SIGNIFICANT PREFERENCE FOR Neff>3((CMB+DR11+WZ+HST+BBN(Cooke et al.):   (

mν < 0.28 eV at 95% CL∑   ms
eff < 0.23 eV at 95% CL  Neff = 3.56−0.32

+0.33  at 95% CL
 CMB+DR11+WZ+HST+BBN(Iocco et al.): SIGNIFICANT PREFERENCE FOR Neff(>3((

mν < 0.27∑  eV at 95% CL  ms
eff < 0.14 eV at 95% CL  Neff = 3.28−0.21

+0.22  at 95% CL

mν < 0.28 eV at 95% CL∑      

ms
eff < 0.60 eV at 95% CL

Neff < 3.89 at 95% CL
mν < 0.31 eV at 95% CL∑      

ms
eff < 0.25 eV at 95% CL

Neff = 3.64−0.48
+0.48  at 95% CL

The bound on 
Neff(((∑mν()(is 
slightly larger 
(more 
stringent) than 
in massless 
sterile neutrino 
scenario due to 
the degeneracy 
with  ms

eff
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Primordial Power Spectrum (PPS) 

The simplest model of inflation predicts a power law (PL) form for the 
PPS of scalar and tensor perturbations: 
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In principle inflation can be generated by more complicated 
mechanisms, thus given a differnt shape for the PPS. 



PPS Parametrization 
!  PPS parametrization: piecewise cubic Hermite interpolating 

polinomial (PCHIP) 

!  Give the value of the PPS in a discrete number of nodes and 
interpolate among them. 

!  We use 12 nodes which cover a wide range of values of the 
wavenumbers k: 

!  The PCHIP PPS is described by: 

),....,;(PCHIP)( 12,1,0 sss PPkPkP ×=
P0=2.36(x(10T9( Larson et al Astr. J. Suppl. ’11  

2

high precision by the Planck experiment [15], is the con-
volution of the PPS with the transfer function. There-
fore, in order to reconstruct the PPS, the assumption of
an underlying cosmological model is a mandatory first
step to compute the transfer function.

Here we rather exploit a non-standard PPS approach,
which can allow for a good fit to experimental data even
in models that deviates from the standard cosmological
picture. In particular, we consider a thermal axion sce-
nario, allowing the PPS to assume a more general shape
than the usual power law description. This may allow us
to remove possible biases in the thermal axion mass in-
duced by the PPS power-law assumptions (see Ref. [8] for
a recent standard thermal axion analysis). We shall also
extent the thermal axion scenario to account for non-zero
active neutrino masses.

The structure of the paper is as follows. Section II
describes the PPS paramaterization used in this study,
as well as the description of the thermal axion model ex-
plored here and the cosmological datasets exploited to
constrain such a model. In Sec. III we present and dis-
cuss the results arising from our Markov Chain Monte
Carlo (MCMC) numerical analyses. We draw our con-
clusions in Sec. IV.

II. METHOD

In this section we focus on the tools used in the numer-
ical analyses performed here. Subsection IIA describes
the parametrization of the PPS of scalar perturbations,
while in Subsection II B we introduce the cosmological
model and the thermal axion treatment followed in this
study. Finally, we shall present in Subsection IIC the
cosmological datasets used in the MCMC analyses.

A. Primordial Power Spectrum Parametrization

In this work we follow the method discussed in Ref. [9]
to parametrize the PPS of scalar perturbations.

The primordial fluctuations in scalar and tensor modes
are generated during the inflationary phase in the early
Universe. The simplest models of inflation predicts a
power-law (PL) form for the PPS of scalar and tensor per-
turbations (see Refs. [10–12]), but in principle inflation
can be generated by more complicate mechanisms, thus
giving a di↵erent shape for the PPS (see Refs. [16, 17]
and references therein). If the analyses are performed
using the PL parametrization for the PPS of scalar per-
turbations, some bias can be introduced: we decided to
assume a non-parametric form for the PPS, in order to
study how the results change.

Among the large number of possibilities, we decided
to use the “piecewise cubic Hermite interpolating poly-
nomial” (PCHIP) [18], a function defined to preserve the
original monotonicity of the point series that is interpo-
lated. We use a modified version of the algorithm [19]

to ensure that the interpolating function preserves the
same behaviour of the initial point series, even if this is
not monotone. This modification is quite simple, since it
considers the piecewise monotonicity of the given points:
the nodes where the point series changes monotonicity
are forced to be local extrema for the interpolating func-
tion. For a complete description of the PCHIP algorithm,
see Appendix A in Ref. [9].
To describe the scalar PPS with the PCHIP function,

we only need to give the values of the PPS in a discrete
number of nodes and to interpolate among them. We
used 12 nodes which span a wide range of k values:

k1 = 5⇥ 10�6 Mpc�1,

k2 = 10�3 Mpc�1,

kj = k2(k11/k2)
(j�2)/9 for j 2 [3, 10],

k11 = 0.35Mpc�1,

k12 = 10Mpc�1. (3)

We choose equally spaced nodes in the logarithmic scale
in the range (k2, k11), that is well constrained from the
data [20], while the first and the last nodes are useful to
parameterize a non-constant behaviour of the PPS out-
side the well constrained range. We choose the position of
the outer nodes in order to have all the PPS evaluations
in CosmoMC well inside the covered range.
The PCHIP PPS is described by

Ps(k) = P0 ⇥ PCHIP(k;Ps,1, . . . , Ps,12), (4)

where Ps,j is the value of the PPS at the node kj
divided by P0 = 2.36 ⇥ 10�9 [21]. The function
PCHIP(k;Ps,1, . . . , Ps,12) is described in Appendix A in
Ref. [9].

B. Cosmological and Axion Model

The baseline scenario we consider here is the ⇤CDM
model, extended with hot thermal relics (the axions), to-
gether with the primordial power spectrum given by the
parameterization detailed in the previous section.

For the analyses with the PCHIP PPS as described in
the previous section, we use the following set of parame-
ters, for which we assume flat priors in the intervals listed
in Tab. I:

{!b,!c,⇥s, ⌧,ma, Ps,1, . . . , Ps,12} , (5)

where !b ⌘ ⌦bh
2 and !c ⌘ ⌦ch

2 are, respectively, the
physical baryon and cold dark matter energy densities,
⇥s is the ratio between the sound horizon and the angular
diameter distance at decoupling, ⌧ is the reionization op-
tical depth, ma the axion mass in eV and Ps,1, . . . , Ps,12

the parameters of the PCHIP PPS. In this first scenario,
the sum of the three active neutrino masses if fixed toP

m⌫ = 0.06 eV, as it is the minimal value allowed by



Data1 
!  CMB: 

o  Planck temperature anisotropies, including lensing 
potential  

o  WMAP 9-year polarization 
o  ACT and SPT measurements at small scales 

!  Large scale structure: 
o  SDSS Data Release 7 
o  6-degree Field Galaxy Survey  
o  BOSS Data Release 11 
o  WiggleZ  

Baryon Acoustic 
Oscillation (BAO) 
data  



Data2 

!  σ8 measurements: 
o  CFHTLens survey: 
 
o  Planck Sunyaev-Zeldovich cluster catalog: 

!  Hubble constant measurements: 
o  Hubble Space Telescope:  
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Parameter Prior
⌦bh

2 [0.005, 0.1]
⌦cdmh2 [0.001, 0.99]

✓s [0.5, 10]
⌧ [0.01, 0.8]
ma [0.1, 3]P
m⌫ [0.06, 3]

Ps,1, . . . , Ps,12 [0.01, 10]
ns [0.9, 1.1]

log[1010As] [2.7, 4]

TABLE I: Priors for the parameters used, in di↵erent combi-
nations, in the CosmoMC analyses.

neutrino oscillation experiments, corresponding to hav-
ing a massless neutrino as lightest mass eigenstate. Fur-
thermore, we shall also consider a scenario in which the
total neutrino mass

P
m⌫ is a free parameter.

We will also compare the results obtained with the
PCHIP PPS and the results obtained with the usual
power-law PPS model: in this case, we will use the fol-
lowing set of parameters:

{!b,!c,⇥s, ⌧,ma, ns, log[10
10As], } , (6)

where ns is the scalar spectral index, As the amplitude
of the primordial spectrum and the other parameters are
the same as described above. The flat priors we use are
listed in Table I.

Concerning the contribution of the axion mass-energy
density to expansion rate, we briefly summarise our treat-
ment in the following (see e.g. Ref. [8] for more details).
Axions decoupled in the early universe at a temperature
TD given by the usual freeze out condition for a thermal
relic:

�(TD) = H(TD) , (7)

where the thermally averaged interaction rate � refers
to the ⇡ + ⇡ ! ⇡ + a process. The freeze out equation
above can be numerically solved, obtaining the axion de-
coupling temperature TD as a function of the axion mass
ma. From the axion decoupling temperature, it is possi-
ble to infer the present axion number density, related to
the current photon density n� as

na =
g?S(T0)

g?S(TD)
⇥ n�

2
, (8)

where g?S represents the number of entropic degrees of
freedom, with g?S(T0) = 3.91. As previously stated, the
presence of a thermal axion will also imply an extra ra-
diation component at the BBN period:

�Ne↵ =
4

7

✓
3

2

na

n⌫

◆4/3

, (9)

where na is given by Eq. (8) and n⌫ refers to the present
neutrino plus antineutrino number density per flavour.

C. Cosmological measurements

Our baseline dataset consists of CMB measurements.
These include the temperature data from the Planck
satellite, see Refs. [15, 22], together with the WMAP 9-
year polarization measurements, following [23]. We also
consider high multipole data from the South Pole Tele-
scope (SPT) [24] as well as from the Atacama Cosmology
Telescope (ACT) [25]. We shall use high resolution CMB
observations at small scales with the purpose of improv-
ing the constraints on the unresolved foregrounds. The
combination of all the above CMB data is referred to as
the CMB data set.
Galaxy clusters provide an independent way to probe

the cosmological parameters, as they are the largest viri-
alized tracers of our universe. The cluster mass function
gives the number of clusters of a certain mass M within
a redshift interval z + �z, and it is the usual observable
determined by cluster surveys. The cluster number count
function is then exploited to extract the relevant cosmo-
logical parameters. Cluster surveys usually report their
measurements by means of the so-called cluster normal-
ization condition, �8⌦�

m, where � ⇠ 0.4 [26–28]. We shall
use here the cluster normalization condition as measured
by the Planck Sunyaev-Zeldovich (PSZ) catalogue [29],
referring to it as the PSZ data set. The PSZ measure-
ments of the cluster mass function provide the constraint
�8(⌦m/0.27)0.3 = 0.764± 0.025. As there exists a strong
degeneracy between the value of the �8 parameter and
the cluster mass bias, it is possible to fix the value of the
bias paramater accordingly to the results arising from
numerical simulations. In this last case, the error on the
cluster normalization condition from the PSZ catalog is
considerably reduced: �8(⌦m/0.27)0.3 = 0.782 ± 0.01.
We shall consider the latter constraint in our numerical
analyses.
Tomographic weak lensing surveys are sensitive to the

overall amplitude of the matter power spectrum by mea-
suring the correlations in the observed shape of distant
galaxies induced by the intervening large scale struc-
ture. The matter power spectrum amplitude depends
on both the �8 clustering parameter and the matter
density ⌦m. Consequently, tomographic lensing sur-
veys, via measurements of the galaxy power shear spec-
tra, provide additional independent constraints in the
(�8, ⌦m) plane. The Canada-France-Hawaii Telescope
Lensing Survey, CFHTLenS, with six tomographic red-
shift bins (from z = 0.28 to z = 1.12), provides a
constraint on the relationship between �8 and ⌦m of
�8(⌦m/0.27)0.46 = 0.774 ± 0.040 [30]. We shall refer to
this data set as CFHT.
We also address here the impact of a gaussian prior on

the Hubble constant H0 = 70.6± 3.3 km/s/Mpc from an
independent reanalysis of Cepheid data [31], referring to
this prior as HST dataset.
We have also included measurements of the large scale

structure of the universe in their geometrical form, i.e., in
the form of Baryon Acoustic Oscillations (BAO). There-
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nations, in the CosmoMC analyses.
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We will also compare the results obtained with the
PCHIP PPS and the results obtained with the usual
power-law PPS model: in this case, we will use the fol-
lowing set of parameters:

{!b,!c,⇥s, ⌧,ma, ns, log[10
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where ns is the scalar spectral index, As the amplitude
of the primordial spectrum and the other parameters are
the same as described above. The flat priors we use are
listed in Table I.

Concerning the contribution of the axion mass-energy
density to expansion rate, we briefly summarise our treat-
ment in the following (see e.g. Ref. [8] for more details).
Axions decoupled in the early universe at a temperature
TD given by the usual freeze out condition for a thermal
relic:

�(TD) = H(TD) , (7)

where the thermally averaged interaction rate � refers
to the ⇡ + ⇡ ! ⇡ + a process. The freeze out equation
above can be numerically solved, obtaining the axion de-
coupling temperature TD as a function of the axion mass
ma. From the axion decoupling temperature, it is possi-
ble to infer the present axion number density, related to
the current photon density n� as
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, (8)

where g?S represents the number of entropic degrees of
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diation component at the BBN period:
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where na is given by Eq. (8) and n⌫ refers to the present
neutrino plus antineutrino number density per flavour.

C. Cosmological measurements

Our baseline dataset consists of CMB measurements.
These include the temperature data from the Planck
satellite, see Refs. [15, 22], together with the WMAP 9-
year polarization measurements, following [23]. We also
consider high multipole data from the South Pole Tele-
scope (SPT) [24] as well as from the Atacama Cosmology
Telescope (ACT) [25]. We shall use high resolution CMB
observations at small scales with the purpose of improv-
ing the constraints on the unresolved foregrounds. The
combination of all the above CMB data is referred to as
the CMB data set.
Galaxy clusters provide an independent way to probe

the cosmological parameters, as they are the largest viri-
alized tracers of our universe. The cluster mass function
gives the number of clusters of a certain mass M within
a redshift interval z + �z, and it is the usual observable
determined by cluster surveys. The cluster number count
function is then exploited to extract the relevant cosmo-
logical parameters. Cluster surveys usually report their
measurements by means of the so-called cluster normal-
ization condition, �8⌦�

m, where � ⇠ 0.4 [26–28]. We shall
use here the cluster normalization condition as measured
by the Planck Sunyaev-Zeldovich (PSZ) catalogue [29],
referring to it as the PSZ data set. The PSZ measure-
ments of the cluster mass function provide the constraint
�8(⌦m/0.27)0.3 = 0.764± 0.025. As there exists a strong
degeneracy between the value of the �8 parameter and
the cluster mass bias, it is possible to fix the value of the
bias paramater accordingly to the results arising from
numerical simulations. In this last case, the error on the
cluster normalization condition from the PSZ catalog is
considerably reduced: �8(⌦m/0.27)0.3 = 0.782 ± 0.01.
We shall consider the latter constraint in our numerical
analyses.
Tomographic weak lensing surveys are sensitive to the

overall amplitude of the matter power spectrum by mea-
suring the correlations in the observed shape of distant
galaxies induced by the intervening large scale struc-
ture. The matter power spectrum amplitude depends
on both the �8 clustering parameter and the matter
density ⌦m. Consequently, tomographic lensing sur-
veys, via measurements of the galaxy power shear spec-
tra, provide additional independent constraints in the
(�8, ⌦m) plane. The Canada-France-Hawaii Telescope
Lensing Survey, CFHTLenS, with six tomographic red-
shift bins (from z = 0.28 to z = 1.12), provides a
constraint on the relationship between �8 and ⌦m of
�8(⌦m/0.27)0.46 = 0.774 ± 0.040 [30]. We shall refer to
this data set as CFHT.
We also address here the impact of a gaussian prior on

the Hubble constant H0 = 70.6± 3.3 km/s/Mpc from an
independent reanalysis of Cepheid data [31], referring to
this prior as HST dataset.
We have also included measurements of the large scale
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We will also compare the results obtained with the
PCHIP PPS and the results obtained with the usual
power-law PPS model: in this case, we will use the fol-
lowing set of parameters:
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where ns is the scalar spectral index, As the amplitude
of the primordial spectrum and the other parameters are
the same as described above. The flat priors we use are
listed in Table I.

Concerning the contribution of the axion mass-energy
density to expansion rate, we briefly summarise our treat-
ment in the following (see e.g. Ref. [8] for more details).
Axions decoupled in the early universe at a temperature
TD given by the usual freeze out condition for a thermal
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�(TD) = H(TD) , (7)

where the thermally averaged interaction rate � refers
to the ⇡ + ⇡ ! ⇡ + a process. The freeze out equation
above can be numerically solved, obtaining the axion de-
coupling temperature TD as a function of the axion mass
ma. From the axion decoupling temperature, it is possi-
ble to infer the present axion number density, related to
the current photon density n� as
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where na is given by Eq. (8) and n⌫ refers to the present
neutrino plus antineutrino number density per flavour.
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These include the temperature data from the Planck
satellite, see Refs. [15, 22], together with the WMAP 9-
year polarization measurements, following [23]. We also
consider high multipole data from the South Pole Tele-
scope (SPT) [24] as well as from the Atacama Cosmology
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combination of all the above CMB data is referred to as
the CMB data set.
Galaxy clusters provide an independent way to probe
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alized tracers of our universe. The cluster mass function
gives the number of clusters of a certain mass M within
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numerical simulations. In this last case, the error on the
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suring the correlations in the observed shape of distant
galaxies induced by the intervening large scale struc-
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density ⌦m. Consequently, tomographic lensing sur-
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tra, provide additional independent constraints in the
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high precision by the Planck experiment [15], is the con-
volution of the PPS with the transfer function. There-
fore, in order to reconstruct the PPS, the assumption of
an underlying cosmological model is a mandatory first
step to compute the transfer function.

Here we rather exploit a non-standard PPS approach,
which can allow for a good fit to experimental data even
in models that deviates from the standard cosmological
picture. In particular, we consider a thermal axion sce-
nario, allowing the PPS to assume a more general shape
than the usual power law description. This may allow us
to remove possible biases in the thermal axion mass in-
duced by the PPS power-law assumptions (see Ref. [8] for
a recent standard thermal axion analysis). We shall also
extent the thermal axion scenario to account for non-zero
active neutrino masses.

The structure of the paper is as follows. Section II
describes the PPS paramaterization used in this study,
as well as the description of the thermal axion model ex-
plored here and the cosmological datasets exploited to
constrain such a model. In Sec. III we present and dis-
cuss the results arising from our Markov Chain Monte
Carlo (MCMC) numerical analyses. We draw our con-
clusions in Sec. IV.

II. METHOD

In this section we focus on the tools used in the numer-
ical analyses performed here. Subsection IIA describes
the parametrization of the PPS of scalar perturbations,
while in Subsection II B we introduce the cosmological
model and the thermal axion treatment followed in this
study. Finally, we shall present in Subsection IIC the
cosmological datasets used in the MCMC analyses.

A. Primordial Power Spectrum Parametrization

In this work we follow the method discussed in Ref. [9]
to parametrize the PPS of scalar perturbations.

The primordial fluctuations in scalar and tensor modes
are generated during the inflationary phase in the early
Universe. The simplest models of inflation predicts a
power-law (PL) form for the PPS of scalar and tensor per-
turbations (see Refs. [10–12]), but in principle inflation
can be generated by more complicate mechanisms, thus
giving a di↵erent shape for the PPS (see Refs. [16, 17]
and references therein). If the analyses are performed
using the PL parametrization for the PPS of scalar per-
turbations, some bias can be introduced: we decided to
assume a non-parametric form for the PPS, in order to
study how the results change.

Among the large number of possibilities, we decided
to use the “piecewise cubic Hermite interpolating poly-
nomial” (PCHIP) [18], a function defined to preserve the
original monotonicity of the point series that is interpo-
lated. We use a modified version of the algorithm [19]

to ensure that the interpolating function preserves the
same behaviour of the initial point series, even if this is
not monotone. This modification is quite simple, since it
considers the piecewise monotonicity of the given points:
the nodes where the point series changes monotonicity
are forced to be local extrema for the interpolating func-
tion. For a complete description of the PCHIP algorithm,
see Appendix A in Ref. [9].
To describe the scalar PPS with the PCHIP function,

we only need to give the values of the PPS in a discrete
number of nodes and to interpolate among them. We
used 12 nodes which span a wide range of k values:

k1 = 5⇥ 10�6 Mpc�1,

k2 = 10�3 Mpc�1,

kj = k2(k11/k2)
(j�2)/9 for j 2 [3, 10],

k11 = 0.35Mpc�1,

k12 = 10Mpc�1. (3)

We choose equally spaced nodes in the logarithmic scale
in the range (k2, k11), that is well constrained from the
data [20], while the first and the last nodes are useful to
parameterize a non-constant behaviour of the PPS out-
side the well constrained range. We choose the position of
the outer nodes in order to have all the PPS evaluations
in CosmoMC well inside the covered range.
The PCHIP PPS is described by

Ps(k) = P0 ⇥ PCHIP(k;Ps,1, . . . , Ps,12), (4)

where Ps,j is the value of the PPS at the node kj
divided by P0 = 2.36 ⇥ 10�9 [21]. The function
PCHIP(k;Ps,1, . . . , Ps,12) is described in Appendix A in
Ref. [9].

B. Cosmological and Axion Model

The baseline scenario we consider here is the ⇤CDM
model, extended with hot thermal relics (the axions), to-
gether with the primordial power spectrum given by the
parameterization detailed in the previous section.

For the analyses with the PCHIP PPS as described in
the previous section, we use the following set of parame-
ters, for which we assume flat priors in the intervals listed
in Tab. I:

{!b,!c,⇥s, ⌧,ma, Ps,1, . . . , Ps,12} , (5)

where !b ⌘ ⌦bh
2 and !c ⌘ ⌦ch

2 are, respectively, the
physical baryon and cold dark matter energy densities,
⇥s is the ratio between the sound horizon and the angular
diameter distance at decoupling, ⌧ is the reionization op-
tical depth, ma the axion mass in eV and Ps,1, . . . , Ps,12

the parameters of the PCHIP PPS. In this first scenario,
the sum of the three active neutrino masses if fixed toP

m⌫ = 0.06 eV, as it is the minimal value allowed by
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high precision by the Planck experiment [15], is the con-
volution of the PPS with the transfer function. There-
fore, in order to reconstruct the PPS, the assumption of
an underlying cosmological model is a mandatory first
step to compute the transfer function.

Here we rather exploit a non-standard PPS approach,
which can allow for a good fit to experimental data even
in models that deviates from the standard cosmological
picture. In particular, we consider a thermal axion sce-
nario, allowing the PPS to assume a more general shape
than the usual power law description. This may allow us
to remove possible biases in the thermal axion mass in-
duced by the PPS power-law assumptions (see Ref. [8] for
a recent standard thermal axion analysis). We shall also
extent the thermal axion scenario to account for non-zero
active neutrino masses.

The structure of the paper is as follows. Section II
describes the PPS paramaterization used in this study,
as well as the description of the thermal axion model ex-
plored here and the cosmological datasets exploited to
constrain such a model. In Sec. III we present and dis-
cuss the results arising from our Markov Chain Monte
Carlo (MCMC) numerical analyses. We draw our con-
clusions in Sec. IV.

II. METHOD

In this section we focus on the tools used in the numer-
ical analyses performed here. Subsection IIA describes
the parametrization of the PPS of scalar perturbations,
while in Subsection II B we introduce the cosmological
model and the thermal axion treatment followed in this
study. Finally, we shall present in Subsection IIC the
cosmological datasets used in the MCMC analyses.

A. Primordial Power Spectrum Parametrization

In this work we follow the method discussed in Ref. [9]
to parametrize the PPS of scalar perturbations.

The primordial fluctuations in scalar and tensor modes
are generated during the inflationary phase in the early
Universe. The simplest models of inflation predicts a
power-law (PL) form for the PPS of scalar and tensor per-
turbations (see Refs. [10–12]), but in principle inflation
can be generated by more complicate mechanisms, thus
giving a di↵erent shape for the PPS (see Refs. [16, 17]
and references therein). If the analyses are performed
using the PL parametrization for the PPS of scalar per-
turbations, some bias can be introduced: we decided to
assume a non-parametric form for the PPS, in order to
study how the results change.

Among the large number of possibilities, we decided
to use the “piecewise cubic Hermite interpolating poly-
nomial” (PCHIP) [18], a function defined to preserve the
original monotonicity of the point series that is interpo-
lated. We use a modified version of the algorithm [19]

to ensure that the interpolating function preserves the
same behaviour of the initial point series, even if this is
not monotone. This modification is quite simple, since it
considers the piecewise monotonicity of the given points:
the nodes where the point series changes monotonicity
are forced to be local extrema for the interpolating func-
tion. For a complete description of the PCHIP algorithm,
see Appendix A in Ref. [9].
To describe the scalar PPS with the PCHIP function,
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FIG. 1: The right panel shows the temperature anisotropies for no thermal axion masses and a power-law PPS (solid red line),
a 2 eV thermal axion mass and a power-law PPS (dashed blue line) and no themal axion masses but the PPS described by the
PCHIP function. The left panel shows the equivalent but for the matter power spectrum.

FIG. 2: The left panel depicts the 68% and 95% CL allowed regions in the (ma, ⌦ch
2) plane for di↵erent possible data

combinations. The right panel shows the equivalent but in the (ma, �8) plane.
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TABLE III: 95% CL constraints on ⌦ch
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⌦m from the di↵erent combinations of data sets explored here in the ⇤CDM+ma++
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Parameter PlankTT+lowP PlanckTT, TE, EE+lowP

68%CL limits 68%CL limits
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TABLE I: Table

Parameter Prior
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TABLE II: Uniform priors for the cosmological parameters

considered here.

CMB CMB+HST CMB+BAO CMB+BAO CMB+BAO CMB+BAO
+HST HST+CFHT +HST+PSZ

⌦ch2 0.127+0.007
�0.007 0.122+0.006

�0.006 0.122+0.003
�0.003 0.121+0.003

�0.003 0.120+0.003
�0.003 0.118+0.002

�0.002

ma [eV] Unconstrained < 1.31 < 0.89 < 0.91 < 1.29 1.00+0.50
�0.48

�8 0.788+0.079
�0.086 0.821+0.052

�0.074 0.827+0.044
�0.057 0.825+0.045
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�0.022

⌦m 0.369+0.070
�0.065 0.314+0.045

�0.039 0.308+0.016
�0.015 0.304+0.016

�0.014 0.302+0.016
�0.015 0.304+0.016

�0.015

Adding(BAO(
measurements,(
lower(values(of(
the(physical(
maGer(density(are(
preferred.(

95%(CL(

Lower(values(on(σ8(
clustering(
parameter(and(
thermal(axion(mass(
evidence,(using(PSZ(
data(



Results(3) 
2.(((ACDM(model(with PCHIP PPS: 

3

CMB CMB+HST CMB+BAO CMB+BAO CMB+BAO CMB+BAO
+HST HST+CFHT +HST+PSZ

Ps,1 < 8.13 < 8.17 < 7.91 < 8.06 < 7.85 < 8.09

Ps,2 1.09+0.42
�0.35 1.01+0.43

�0.35 1.01+0.40
�0.32 0.99+0.42

�0.33 1.02+0.43
�0.34 1.01+0.42

�0.33

Ps,3 0.68+0.39
�0.36 0.71+0.39

�0.39 0.71+0.39
�0.37 0.72+0.39

�0.38 0.69+0.39
�0.37 0.70+0.40

�0.38

Ps,4 1.14+0.24
�0.22 1.15+0.24

�0.22 1.15+0.23
�0.21 1.15+0.23

�0.20 1.15+0.23
�0.21 1.15+0.23

�0.21

Ps,5 1.02+0.11
�0.10 1.01+0.11

�0.11 1.00+0.11
�0.10 1.00+0.11

�0.10 0.99+0.11
�0.10 0.99+0.11

�0.10

Ps,6 1.03+0.08
�0.07 1.00+0.08

�0.07 1.00+0.08
�0.07 1.00+0.08

�0.07 0.98+0.07
�0.06 0.98+0.07

�0.07

Ps,7 0.99+0.07
�0.06 0.98+0.08

�0.07 0.98+0.07
�0.07 0.98+0.08

�0.07 0.96+0.07
�0.06 0.95+0.07

�0.06

Ps,8 0.94+0.06
�0.06 0.95+0.08

�0.07 0.95+0.07
�0.06 0.95+0.08

�0.07 0.94+0.07
�0.06 0.94+0.07

�0.06

Ps,9 0.92+0.06
�0.05 0.94+0.08

�0.06 0.94+0.07
�0.06 0.94+0.08

�0.06 0.93+0.07
�0.06 0.93+0.07

�0.06

Ps,10 0.90+0.06
�0.06 0.91+0.08

�0.07 0.91+0.07
�0.06 0.91+0.08

�0.06 0.90+0.07
�0.06 0.90+0.07

�0.06

Ps,11 1.25+0.30
�0.28 1.24+0.32

�0.31 1.23+0.31
�0.31 1.24+0.31

�0.31 1.22+0.30
�0.31 1.22+0.32

�0.28

Ps,12 Unconstrained Unconstrained Unconstrained Unconstrained Unconstrained Unconstrained

95%(CL(

PPS(can(be(
described(by(the(
powerTlaw(
parametriza:on(



Results(3) 
2.(((ACDM(model(with PCHIP PPS: 
68% and 95% CL allowed regions the PCHIP PPS in the ACDM model using CMB data only(

Increase  of the PPS at k10≈0.2 Mpc-1, necessary to 
compensate the effects of the thermal axion during the 

evolution of the Universe 



Summery and Conclusions 
!  The(bounds(on(hot(dark(maGer(proper:es((∑mν(,(ma(and(Neff)(depend(on(the(

combina:on(of(data(sets(and(on(the(cosmological(model.(
(
!  Constraints(on(the(masses(of(the(different(thermal(relics(in(different(scenarios(using((

recent(comological(data(

!  In(the(minimal(three(ac:ve(massive(neutrino(scenario(we(found(that(CFHTLens(
survey(displaces(the(bound(on(neutrino(masses(to(higher(value.(Planck(cluster(data(
favours(a(non(zero(value(on(∑mν((and(axion(mass(

!  In(the(scenario(with((thermal(axions(and(ac:ve(massive(neutrino(species(we(found(
that(only(considering(the(Planck(SZ(cluster(data(plus(CMB+DR11+(BAO+HST(there(
exists(a(prefernce(for(axion(mass(of(0.6(eV(at(the(obout(2.2σ(and(only(combining(
Planck(SZ(cluster(data(with(CMB+DR11+(WZ+HST(there(is(an(evidence(for(neutrino(
mass(of(0.2(eV(at(about(3σ(

(
!  In(a(scenario(with(thermal(axions(and(with(a(nonTstandard(PPS(we(found(a(non(zero(

value(for(the(axion(mass(at(obout(4σ(only(considering(the(Planck(SZ(cluster(data(
combined(with(CMB+(BAO+HST(measurements.(



Conclusions 
•  Constraints(on(the(masses(of(the(different(thermal(relics(in(different(scenarios(using(

the(most(recent(comological(data(
(
•  In(the(minimal(three(ac:ve(massive(neutrino(scenario(we(found(that(CFHTLens(survey(

displaces(the(bound(on(neutrino(masses(to(higher(value.(Planck(cluster(data(favours(a(
non(zero(value(on(∑mν((of(about(0.3(eV(at(4σ.(

•  In(the(scenario(with((thermal(axions(and(ac:ve(massive(neutrino(species(we(found(
that(only(considering(the(Planck(SZ(cluster(data(plus(CMB+DR11+(BAO+HST(there(
exists(a(prefernce(for(axion(mass(of(0.6(eV(at(the(obout(2.2σ(and(only(combining(
Planck(SZ(cluster(data(with(CMB+DR11+(WZ+HST(there(is(an(evidence(for(neutrino(
mass(of(0.2(eV(at(about(3σ.(

•  In(the(scenario((with(massive(neutrinos(and(ΔNeff(dark(radia:on(species(the(bounds(on(
∑mν(are(less(stringent.((BBN(constraints(reduce(both(mean(value(and(the(errors(ok(Neff(
significantly.((

•  Considering(BTmode(polariza:on(measurements(by(BICEP2(experiment(+Planck+WP(
data,(we(found(that(an(extra(realivis:c(component(could(solve(the(tension(between((
the(two(experiments(on(the(amplitude(of(tensor(mode.(



Implications of cosmological 
observations on hot dark 

matter properties 

Elena Giusarma 
!
Cosmology(on(Safari(2015(
Based(on(works(in(collabora:on(with:((

E.(Di(Valen:no,(S.(Gariazzo,((M.(LaGanzi,(
A.(Melchiorri,(O.(Mena(



Planck)constraints)on)H0))
# No(evidence(for(extra(dark(radia:on(from(CMB(measurements(

#  (When(others(data(sets(are(including(there(is(a((beGer(agreement(with(
Neff=3.046(

(
#  In(par:cular(only(with(HST(data(we(have(an(evidence(for(extra(dark(radia:on(

at(about(2.7(σ.((

#  This(is(due(to(the(tension(between(Planck(and(HST(on(the(value(of(the(Hubble(
constant(

Neff = <
+3 73 0 51

0 54. .
.  Planck+WP+HST

H

H
0 1 1

1 2

0

67 3=

=
<
+. .

.  [km/s/Mpc]         Planck+WP
773 8 2 4

2 4. ].
.

<
+  [km/s/Mpc         HST (Riess et all)

Under(the(assump:on(of(Neff=3.046((

If(Neff(free(parameter(H0 3 2
3 070 7= <
+. .

.  [km/s/Mpc]         Planck+WP

Only(when(Neff>3.046,(Planck(and(HST(are(compa:ble(



Planck)Results:)Neff)+)) mi-

•  3(Degenerate(massive(neutrinos(
•  Extra(massless(neutrinos(((((((

N

m
eff =

<

<
+

-
3 29

0 60
0 64
0 67.

.
.
.

i  eV
(95%(Planck+WP(
((((((((((((((+highL)(

N

m
eff =

<

<
+

-
3 29

0 28
0 60
0 54.

.
.
.

i  eV
(95%(Planck+WP(
((((((((+highL+BAO)(

•  3(ac:ve(massive(
neutrinos(∑mv=0.06(eV)(

•  ΔNeff(massive(sterile(neutrinos(with(
total(mass(m�,�!

N
m

eff

s

<

<

3 91
0 59
.
.,i  eV

(95%(Planck+WP(
((((((((((((((+highL)(

N
m

eff

s

<

<

3 80
0 42
.
.,i  eV

(95%(Planck+WP(
(((((((((+highL+BAO)(



rs ∝
1

H
= (1− f

ν
)
−0.25

rd ∝
1

neH
= (1−YP )

−0.5

ne ∝ (1−YP )

H
2
∝ ρr ≈ (1− fν )

θd

θs

=
(1− f

ν
)
0.25

(1−YP )
0.5

Neff(increase,(fν'(increase,(we(have(
to(reduce(YP(



)Neutrino)Mass)Measurements)
Neutrino(Oscilla:ons(
•  Sensi:ve(to(the(mass(differences((
•  Uses(quantum(mechanical(effects(
•  Sources:(Solar,(atmospheric(reactor(
(
(
(
(

Cosmology(
•  Sensi:ve(to(the(total(neutrino(mass(
•  Uses(General(Rela:vity(
•  Measured(by(satellites(and(groundT

based(observatories(

Single(Beta(Decay(
•  Sensi:ve(to(the(absolute(neutrino(mass(

scale(
•  Uses(conserva:on(of(energy(
•  Model(independent(

0ν(Double(Beta(Decay(
•  Sensi:ve(to(the(Majorana(masses(
•  Uses(decay(
•  Probes(the(nature(of(neutrinos(



Lensing)PotenKal)
The(trajectories(of(CMB(photons(are(slightly(deflected(by(maGer(fluctua:ons(
localized(at(z≤3(.(The(deflec:on(field(is(the(difference(between(the(direc:on((((((in(
which(photons(have(been(emeGed(from(LSS(and(the(direc:on(in(which(they(are(
actually(observed(((((((((((((((((((((().((

n̂

n̂ + d̂(n̂)

ϕ(n̂) = − dη
χ(η

LS
)− χ(η)

χ(η)χ(η
LS
)ηLS

η0

∫ (ϕ +ψ ) Deflec:on(

The(free(streaming(nature(of(the(neutrino(
suppresses(the(power(spectrum(and(the(
lensing(poten:al(that(depends(on(the(
gravita:onal(poten:al.((
(

(Ade et al ‘13 Planck Collaboration ) 


